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a b s t r a c t
For a strongly connected digraph D the restricted arc-connectivity λ′(D) is defined as
the minimum cardinality of an arc-cut over all arc-cuts S satisfying that D − S has a
non-trivial strong component D1 such that D − V (D1) contains an arc. In this paper we
prove that a generalized p-cycle is λ′-optimal if diam(D) ≤ 2ℓ + p − 2, where ℓ is the
semigirth of D and p ≥ 3. Further we show that the k-iterated line digraph is λ′-optimal if
diam(D) ≤ 2ℓ+ p− 2+ k for p ≥ 3. We improve these results for p large enough and we
also improve known results on super-λ for p-cycles with p ≥ 3.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The digraphs (i.e. directed graphs) considered here have neither loops nor multiple arcs. The set of vertices and the set of
arcs of a digraphD is denoted by V (D) and A(D), respectively. For any arc uv ∈ A(D), the first vertex u is its tail and the second
vertex v is its head. The head and tail of an arc are its end-vertices. A digraph is symmetric (resp. asymmetric), if the existence of
an arc uv ∈ A(D) implies that vu ∈ A(D) (resp. vu ∉ A(D)). The set of symmetric arcs ofD is denoted by Sym(D). If F ⊂ V (D),
thenD[F ] is the subdigraph induced by F . The setsN+(u) = {v : uv ∈ A(D)} andN−(u) = {v : vu ∈ A(D)} are called the out-
neighborhood and in-neighborhood of the vertex u. The out-degree is d+(u) = |N+(u)| and the in-degree is d−(u) = |N−(u)|.
The minimum out-degree of D is δ+(D) = min{d+(u) : u ∈ V (D)} and the minimum in-degree δ−(D) of D is defined
analogously. The minimum degree of D is δ(D) = min{δ+(D), δ−(D)}. The distance from u to v is denoted by d(u, v) and
is defined as the number of arcs of a shortest path from u to v. The parameter diam(D) = max{d(u, v) : u, v ∈ V (D)} stands
for the diameter of D. The distance from u to F ⊂ V (D) is d(u, F) = min{d(u, f ) : f ∈ F}. The distance from F to v, d(F , v) is
defined analogously. For any integer k ≥ 1, let N+k (F) = {u ∈ V (D) : d(u, F) = k} and N−k (F) = {u ∈ V (D) : d(F , u) = k}.
Hence, when k = 1 we have N+(x) = N+1 (x),N−(x) = N−1 (x), N+(F) = N+1 (F) and N−(F) = N−1 (F).
For any pair of vertices u, v ∈ V (D), a path uu1 · · · ur−1v from u to v with all its vertices different is called an u → v
path. An u → u path is a cycle. The length of a shortest cycle is the girth g of D. A digraph D is said to be strongly connected
if for any pair of vertices u, v ∈ V (D) there exists an u → v path. Clearly, a digraph D is strongly connected if and only if
diam(D) <∞. For a pair U, F of vertex sets of a digraph D, we define [U, F ] = {uf ∈ A(D) : u ∈ U, f ∈ F}. If [U, F ] = ∅we
say that there is no UF-arc in D. If F = V (D) \ U , we write ω+(U) or ω−(F) instead of [U, F ]. When U = {u}we abbreviate
ω+({u}) and ω−({u}) to ω+(u) and ω−(u), respectively. Clearly d+(u) = |ω+(u)| and d−(u) = |ω−(u)| for all u ∈ V (D).
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Let D be a strongly connected digraph. A subset S ⊆ A(D) of arcs is an arc-cut if D− S is not strongly connected. Note that
each minimum arc-cut has the form ω+(F), where F ⊂ V (D). Thus, the arc-connectivity λ of a digraph D can be defined as
λ(D) = min{|ω+(F)| : F ⊂ V (D), F ≠ ∅, F ≠ V (D)}.
It is well-known that for any digraph D, λ(D) ≤ δ(D) [11]. Hence, D is said to be maximally arc-connected if λ(D) = δ(D).
Following Hamidoune [14,15], a subset F of vertices of a strongly connected digraph D with arc-connectivity λ is a positive
α-fragment if |ω+(F)| = λ and similarly, F is a negative α-fragment if |ω−(F)| = λ. Note that F is a positive α-fragment if
and only if F = V (D) \ F is a negative α-fragment. Given an arc cut S = ω+(F) = [F , F ], we will write X ⊆ F and X ⊆ F for
the sets of vertices in F and F incident with the arcs of S. That is, every arc of S has its out-vertex in X and its in-vertex in X .
The arc-connectivity is an important measure for the fault tolerance of a network. However, one might be interested in
more refined indices of reliability. Even two graphs or digraphs with the same arc-connectivity λmay be considered to have
different reliabilities, since the number or type of minimum arc-cuts is different or simply because the existence of some
additional structural properties is required. From here arises the notion of restricted arc-connectivity which extends the
notion of restricted edge-connectivity of graphs.
Volkmann [19] extended the concept of restricted edge-connectivity to digraphs as follows.
Definition 1.1 ([19]). Let D be a strongly connected digraph. An arc set S of D is a restricted arc-cut of D if D − S has a
non-trivial strong component D1 such that D− V (D1) contains an arc. The restricted arc-connectivity λ′(D) is defined as the
minimum cardinality over all restricted arc-cuts S. A strongly connected digraph D is called λ′-connected if λ′(D) exists. A
restricted arc-cut S is called a λ′-cut if |S| = λ′(D).
Note that if λ < δ, then λ′ = λ. Moreover, if λ = δ and there is a non-trivial arc-cut of cardinality δ, then λ = λ′ = δ.
Otherwise, if λ = δ and every arc-cut of cardinality δ is trivial, then the digraph is called super arc-connected or super-λ in
which case λ′ > δ. For more information on super arc-connectivity see for instance [5,7,9,8,16,14]. Volkmann proved that
every strong digraph D of order n ≥ 4 and girth g = 2, 3 not belonging to some families of digraphs is λ′-connected and
satisfies λ(D) ≤ λ′(D) ≤ ξ(D), where ξ(D) is defined as follows. If Cg = u1u2 · · · ugu1 is a shortest cycle of D, then ξ(Cg) =
min{gi=1 d+(ui) − g,gi=1 d−(ui) − g}, and ξ(D) = min{ξ(Cg) : Cg is a shortest cycle of D}. Later, in 2008, Wang and
Lin [20] introduced the notion of arc-degreewhich turns to be a better bound for the parameter λ′. The arc-degree is defined
as follows. For any arc uv ∈ A(D), the arc-degree of uv is defined as ξ ′(uv) = min{|ω+({u, v})|, |ω−({u, v})|, |ω+(u) ∪
ω−(v)|, |ω−(u) ∪ ω+(v)|} and the minimum arc-degree of D is ξ ′(D) = min{ξ ′(uv) : uv ∈ A(D)}.
We can compute the arc-degree of an arc uv ∈ A(D) in terms of the degrees of the vertices u and v. If uv ∉ Sym(D),
then ξ ′(uv) = min{d+(u) + d+(v) − 1, d−(u) + d−(v) − 1, d+(u) + d−(v) − 1, d−(u) + d+(v)}. If uv ∈ Sym(D), then
ξ ′(uv) = min{d+(u)+d+(v)−2, d−(u)+d−(v)−2, d+(u)+d−(v)−1, d−(u)+d+(v)−1}. It is clear from this definition
that for many digraphs ξ ′(D) ≤ ξ(D), for instance for digraphs with δ ≥ 3.
Given an arc uv ∈ A(D)we set
Ωuv = {ω+({u, v}), ω−({u, v}), ω+(u) ∪ ω−(v), ω−(u) ∪ ω+(v)}.
Note that for every arc uv ∈ A(D) of a strongly connected digraph D, the elements ofΩuv are arc-cuts of D but they are not
necessarily restricted arc-cuts. As an example, consider the cycle of length k ≥ 3. In the aforementioned paper [20], Wang
and Lin proved the following result.
Theorem 1.1 ([20]). Let D be a strongly connected digraph with δ+(D) ≥ 3 or δ−(D) ≥ 3. Then every element of Ωuv is a
restricted arc-cut for any uv ∈ A(D) and thus D is λ′-connected. Further, λ′(D) ≤ ξ ′(D).
Definition 1.2. A digraph D is λ′-optimal if λ′(D) = ξ ′(D).
Some sufficient conditions for some families of digraphs to attain λ′-optimality can be found in [3,6,20].
The purpose of this paper is to state sufficient conditions to assure λ′-optimality in a special kind of digraphs: generalized





in such a way that the vertices in the partite set Vα are only adjacent to vertices in Vα+1, where the sum is in Zp. Observe that
bipartite digraphs are generalized p-cycles with p = 2. Gómez et al. showed in [12] that a digraph is a generalized p-cycle
if and only if for any pair of vertices u, v, the lengths of all paths from u to v are congruent modulo p. In the same paper
they prove that a digraph D is a generalized p-cycle if and only if, its line digraph is a generalized p-cycle as well. We recall
here that in the line digraph L(D) of a digraph D, each vertex represents an arc of D. Thus, V (L(D)) = {uv : uv ∈ A(D)};
moreover, a vertex uv is adjacent to a vertex xz if and only if v = x, that is, when the arc uv is incident to the arc xz in D.
From the definition it follows that δ(L(D)) = δ(D) = δ. For any k ≥ 1 the k-iterated line digraph, Lk(D), is defined recursively
by Lk(D) = L(Lk−1(D)). It was shown in [1] that the diameter of any strongly connected digraph other than a directed cycle
satisfies
diam(Lk(D)) = diam(D)+ k. (1)
For more information on line digraphs see, for instance, [10,18].
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A parameter related to the number of shortest paths was introduced by Fàbrega and Fiol in [7], which has received the
name of semigirth, see The Handbook of Graph Theory [13]. Given a digraph D, the semigirth ℓ of D is defined as the greatest
integer such that, for any x, y ∈ V ,
(a) if d(x, y) ≤ ℓ, the shortest x → y path is unique;
(b) if d(x, y) ≤ ℓ− 1, there is no x → y path of length d(x, y)+ 1.
Observe that the semigirth is well defined because the digraphs are assumed to be simple. Also note that if G is a graph




G ) = ⌊(g(G) − 1)/2⌋. Also note that if a digraph D is a
generalized p-cycle, the condition (b) is unnecessary. To show that there always exists a digraph with a given semigirth ℓ, it
was shown [7] that for any digraph Dwithminimum degree δ ≥ 2 the semigirth ℓ also satisfies an equality like (1). Namely,
ℓ(Lk(D)) = ℓ(D)+ k. (2)
Using the semigirth in [17], the authors show that any p-cycle D with minimum degree δ ≥ 2 and diameter diam(D) ≤
2ℓ+ p− 1 has λ = δ (this result is shown for p = 2 in [7]). Later, in [4], the same authors prove that a generalized p-cycle
with p ≥ 3 is super-λ if diam(D) ≤ 2ℓ + p − 2. Moreover in [2,8] it was proved that any bipartite digraph with minimum
degree δ ≥ 3 and diam(D) ≤ 2ℓ is super-λ.
In this paper, we prove that a generalized p-cycle is λ′-optimal if the diameter is at most diam(D) ≤ 2ℓ+ p−2 for p ≥ 3
anddiam(D) ≤ 2ℓ2−1 for p = 2,where ℓ2 is a parameterwhich coincideswith the semigirth ℓwhen p ≥ 3. Furthermore,we
show that the k-iterated line digraph Lk(D) of a digraph is λ′-optimal if the diameter ofD is at most diam(D) ≤ 2ℓ+p−2+k
for p ≥ 3 and diam(D) ≤ 2ℓ2 − 1 + k for p = 2. Moreover, we prove that a generalized p-cycle with p ≥ 3 is super-λ if
diam(D) ≤ 2ℓ + p − 1, which improves the sufficient condition given in [4]. Finally, we also improve these results for p
large enough.
2. Main results
In order to study the restricted arc-connectivity of generalized p-cycles, we slightly modify the semigirth by defining
a new parameter ℓ2 which coincides with ℓ when p ≥ 3. In particular ℓ2 will be very useful when dealing with bipartite
digraphs.
Definition 2.1. For a given digraph D, let ℓ2 = ℓ2(D), 1 ≤ ℓ2 ≤ diam(D), be the greatest integer such that, for any x, y ∈ V ,
(a) if d(x, y) ≤ ℓ2, the shortest x → y path is unique;
(b) if d(x, y) ≤ ℓ2 − t , there is no x → y path of length d(x, y)+ t for 1 ≤ t ≤ 2.
Observe that ℓ2 is well defined in oriented digraphs, that is in digraphs with girth at least 3. Hence, from now all the
digraphs we dealt with are assumed to have girth at least 3. The parameter ℓ2 satisfies, as the semigirth, an equality like (2).
Remark 2.1. Let D be a strongly connected digraph with girth at least three other than a cycle. Then
ℓ2(Lk(D)) = ℓ2(D)+ k.
Proof. As L(Lk−1(D)) = Lk(D), it is enough to prove the case k = 1. Take u = (u1u2), v = (v1v2) ∈ V (L(D)) such that
dL(D)(u, v) ≤ ℓ2(D) + 1. First, assume u = v so that dL(D)(u, v) = 0. Since D and L(D) have the same girth it follows that
the girth of L(D) is at least three yielding there is no u → u path of length at most two. Thus assume that u ≠ v. Then
dD(u2, v1) = dL(D)(u, v)− 1 ≤ ℓ2(D) and hence the shortest u2 → v1 path in D is unique implying that the shortest u → v
path in L(D) is unique. If dL(D)(u, v) ≤ ℓ2(D) − 1, then dD(u2, v1) ≤ ℓ2(D) − 2 meaning that there is no u2 → v1 path of
length dD(u2, v1) + 2 in D by Definition 2.1, and so there is no u → v path of length dL(D)(u, v) + 2 in L(D). Thus we have
proved that ℓ2(L(D)) ≥ ℓ2(D)+ 1. We will show now that ℓ2(L(D)) = ℓ2(D)+ 1. If ℓ2(D) = diam(D), it follows by (1) that
ℓ2(L(D)) = ℓ2(D)+ 1. Suppose now that ℓ2(D) < diam(D). In view of the definition of ℓ2(D)we distinguish two cases.
Case 1. There are vertices x, y ∈ V (D) such that dD(x, y) = ℓ2(D) + 1 and there are at least two shortest x → y
paths in D. Since D is strongly connected there have to be vertices x′, y′ ∈ V (D) with x′x, yy′ ∈ A(D). Now, considering
u = (x′x) and v = (yy′) in V (L(D)), it follows that there are two shortest u → v paths of length ℓ2(D)+ 2. This implies that
ℓ2(L(D)) ≤ ℓ2(D)+ 1.
Case 2. There are vertices x, y ∈ V (D) such that dD(x, y) = ℓ2(D) − 1 and there is an x → y path of length ℓ2(D) + 1.
Since D is strongly connected, there have to be vertices x′, y′ ∈ V (D) with x′x, yy′ ∈ A(D). Now, considering u = (x′x) and
v = (yy′) in V (L(D)), it follows that dL(D)(u, v) = ℓ2(D) and that there is an u → v path of length ℓ2(D) + 2. This implies
that ℓ2(L(D)) ≤ ℓ2(D)+ 1.
Hence ℓ2(L(D)) = ℓ2(D)+ 1 and therefore ℓ2(Lk(D)) = ℓ2(D)+ k. 
Recently, we proved a similar result as Theorem 1.1, changing the hypothesis δ+(D) ≥ 3 or δ−(D) ≥ 3 for δ(D) ≥ 2.
Lemma 2.1 ([3]). Let D be a strongly connected digraph of order at least 4 and minimum degree δ ≥ 2. Then D is λ′-connected
and λ′(D) ≤ ξ ′(D).
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The following lemma was also proved in [3].
Lemma 2.2 ([3]). Let D be aλ′-connected digraph such that λ′(D) < ξ ′(D) and let S be aλ′-cut. Then the set V can be partitioned
into two subsets, F , F such that S = ω+(F) = ω−(F) and both induced subdigraphs D[F ] and D[F ] of D contain an arc.
Throughout this paper, if D is a λ′-connected and non λ′-optimal digraph, then F , F ⊂ V (D) can be considered by
Lemma 2.2, so that ω+(F) = ω−(F) = [F , F ] = [X, X] is a λ′-cut, where X and X are the sets of vertices in F and F which
are incident with arcs from ω+(F). Let us define µ(F) = max{d(u, X) : u ∈ F} and µ(F) = max{d(X, u) : u ∈ F}. Also, we
will use the following notation: F≥m = {u ∈ F : d(u, X) ≥ m}, F≥m = {v ∈ F : d(X, v) ≥ m}, Fm = {u ∈ F : d(u, X) = m} and
Fm = {v ∈ F : d(X, v) = m}.
Some properties concerning ℓ2 on non λ′-optimal digraphs are provided in the following results. First, we prove the
following lemma which shows that the parameter ℓ2 is a suitable index to measure how far away a vertex of a non
λ′-optimal generalized p-cycle can be from a λ′-cut.
Lemma 2.3. Let D be a λ′-connected generalized p-cycle with δ ≥ 2 such that λ′(D) < ξ ′(D). Let ω+(F) be a λ′-cut. Then
µ(F) ≥ max{1, ℓ2 − 1} and µ(F) ≥ max{1, ℓ2 − 1}.
Proof. Let ω+(F) = [F , F ] = [X, X] be a λ′-cut. First assume that µ = µ(F) = 0. This implies that F = X . By Lemma 2.2,
we can consider an arc uv in D[F ]. Note that, since D is a generalized p-cycle, N+(u) ∩ N+(v) = ∅. Then
λ′(D) = |[X, X]| ≥ |X | ≥ |[{u, v}, X]| + |[(N+(u)− v) ∩ X, X]| + |[(N+(v)− u) ∩ X, X]|
≥ |N+(u)− v| + |N+(v)− u| = |ω+({u, v})| ≥ ξ ′(uv) ≥ ξ ′(D),
which is a contradiction. Hence, µ ≥ 1. Assume by contradiction that 1 ≤ µ ≤ ℓ2 − 2, which means that ℓ2 ≥ 3 and so the
girth is at least three. Let us study the following cases.
Case 1: There exists an arc uv in D[Fµ], see Fig. 1.
Since D is a generalized p-cycle, the sets N+(u) ∩ Fµ−1, Au = (N+(u) − v) ∩ Fµ,N+(v) ∩ Fµ−1 and Av = N+(v) ∩ Fµ
are pairwise disjoint. Define A1 = N+µ (u) ∩ X, A2 = N+µ (Au) ∩ X, A3 = N+µ (v) ∩ X and A4 = N+µ (Av) ∩ X and note that
d(w, x) ≥ µ for anyw ∈ Fµ and any x ∈ X . We will now show that the sets A1, A2, A3 and A4 are pairwise disjoint. If there is
a vertex a ∈ A1∩A2, then d(u, a) = µ and there is also an u → a path of lengthµ+1, which is not possible in a generalized
p-cycle. Analogously it can be shown that A1 ∩ A3 = ∅, A3 ∩ A4 = ∅ and A2 ∩ A4 = ∅. Now suppose that there is a vertex
a ∈ A1∩A4. Then evidently d(u, a) = µ and there is also an u → a path of lengthµ+2 (which can only occur if p = 2). This
contradicts the definition of ℓ2. Similarly, if there is a vertex a ∈ A2 ∩ A3, then d(u, a) = µ + 1 and there are two distinct
u → a paths of lengthµ+ 1, contradicting again the definition of ℓ2. On the other side, by similar arguments one can show
|A1| ≥ |N+(u) ∩ Fµ−1|, |A2| ≥ |(N+(u)− v) ∩ Fµ|, |A3| ≥ |N+(v) ∩ Fµ−1| and |A4| ≥ |N+(v) ∩ Fµ|.
Hence,
λ′(D) = |[X, X]| ≥ |X | ≥ |A1| + |A2| + |A3| + |A4|
≥ |N+(u) ∩ Fµ−1| + |(N+(u)− v) ∩ Fµ| + |N+(v) ∩ Fµ−1| + |N+(v) ∩ Fµ|
= |ω+({u, v})| ≥ ξ ′(uv) ≥ ξ ′(D),
a contradiction to the hypothesis λ′(D) < ξ ′(D).
Case 2: There is no arc uv in D[Fµ], see Fig. 2.
Let u ∈ Fµ and take any v ∈ N+(u) ∩ Fµ−1. Define A1 = N+µ−1(N+(u) − v) ∩ X, A2 = N+µ−1(v) ∩ X, A3 =
N+µ−1(N+(v) ∩ Fµ−1) ∩ X and A4 = N+µ (N+(v) ∩ Fµ) ∩ X . By similar arguments as in Case 1, one can show that A1, A2, A3
and A4 are pairwise disjoint. Thus, if a ∈ A1 ∩ A4 then we find two distinct u → a paths, one of length µ and another
through vertex v of length µ + 2 which contradicts the definition of ℓ2. Also as above, it is straightforward to prove that
|A1| ≥ |N+(u)− v|, |A2| ≥ |N+(v) ∩ Fµ−2|, |A3| ≥ |N+(v) ∩ Fµ−1|, and |A4| ≥ |N+(v) ∩ Fµ|.
Thus,
λ′(D) = |[X, X]| ≥ |X | ≥ |A1| + |A2| + |A3| + |A4|
≥ |N+(u)− v| + |N+(v) ∩ Fµ−2| + |N+(v) ∩ Fµ−1| + |N+(v) ∩ Fµ|
= |ω+({u, v})| ≥ ξ ′(uv) ≥ ξ ′(D),
a contradiction to the fact that λ′(D) < ξ ′(D).
Altogether it follows that µ ≥ ℓ2 − 1. The proof of µ ≥ ℓ2 − 1 is analogous. So the result holds. 
Lemma 2.4. Let D be a λ′-connected generalized p-cycle with ℓ2 ≥ 2 and minimum degree δ ≥ 2 such that λ′(D) < ξ ′(D). Let
ω+(F) be a λ′-cut. If there is a vertex u ∈ Fm for 1 ≤ m ≤ ℓ2 such that N+(u) ⊆ Fm−1, then N+(v)∩F≥m ≠ ∅ for all v ∈ N+(u).
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Fig. 1. Case 1: There exists an arc uv in D[Fµ].
Fig. 2. Case 2: There is no arc uv in D[Fµ].
Proof. Let ω+(F) = [F , F ] = [X, X]. Suppose that N+(v) ∩ F≥m = ∅ for some v ∈ N+(u). First assume that m ≥ 2 and
consider the sets A1 = N+m−1(N+(u)−v)∩X, A2 = N+m−1(v)∩X and A3 = N+m−1(N+(v)∩Fm−1)∩X . Similarly as in the proof
of Lemma 2.3, one can show that A1, A2 and A3 are pairwise disjoint and that |A1| ≥ |N+(u) − v|, |A2| ≥ |N+(v) ∩ Fm−2|
and |A3| ≥ |N+(v) ∩ Fm−1|. Hence,
λ′(D) = |[X, X]| ≥ |X | ≥ |A1| + |A2| + |A3| ≥ |ω+({u, v})| ≥ ξ ′(D),
a contradiction to the hypothesis. If m = 1, consider the sets A1 = N+(N+(u) − v) ∩ X, A2 = N+(v) ∩ X and
A3 = N+(N+(v) ∩ X) ∩ X and proceed as above obtaining a similar contradiction. 
Lemma 2.5. Let D be a λ′-connected generalized p-cycle with minimum degree δ ≥ 2 such that λ′(D) < ξ ′(D). Let ω+(F) be a
λ′-cut such that µ(F) = ℓ2 − 1. Then D[Fℓ2−1] contains an arc.
Proof. Let ω+(F) = [F , F ] = [X, X]. Note that by Lemma 2.3, 1 ≤ µ(F) = ℓ2− 1, i.e., ℓ2 ≥ 2. Assume by contradiction that
N+(u) ∩ Fℓ2−1 = ∅ for all u ∈ Fℓ2−1. Take any u ∈ Fℓ2−1 and let v ∈ N+(u) ⊆ Fℓ2−2.
By Lemma 2.4, there is a vertexw ∈ N+(v)∩ Fℓ2−1. Thus N+(w)∩ Fℓ2−1 = ∅. First suppose that ℓ2 ≥ 3 and consider the
sets A1 = N+ℓ2−2(v) ∩ X, A2 = N+ℓ2−2(N+(v) ∩ Fℓ2−2) ∩ X, A3 = N+ℓ2−1

(N+(v)− w) ∩ Fℓ2−1
 ∩ X and A4 = N+ℓ2−1(w) ∩ X .
Similarly as in Lemma 2.3, it is straightforward to show that the sets A1, A2, A3 and A4 are pairwise disjoint and that
|A1| ≥ |N+(v) ∩ Fℓ2−3|, |A2| ≥ |N+(v) ∩ Fℓ2−2|, |A3| ≥ |(N+(v)− w) ∩ Fℓ2−1| and |A4| ≥ |N+(w) ∩ Fℓ2−2|. Therefore,
|ω+(F)| = |[X, X]| ≥ |X | ≥ |A1| + |A2| + |A3| + |A4|
≥ |N+(v) ∩ Fℓ2−3| + |N+(v) ∩ Fℓ2−2| + |(N+(v)− w) ∩ Fℓ2−1| + |N+(w) ∩ Fℓ2−2|
= ω+({v,w}) ≥ ξ ′(D),
a contradiction. If ℓ2 = 2, consider the sets A1 = N+(v) ∩ X, A2 = N+(N+(v) ∩ X) ∩ X , A3 = N+2 ((N+(v) − w) ∩ F1) ∩ X
and A4 = N+2 (w) ∩ X and proceed as above obtaining a similar contradiction.
Altogether it follows that there has to be an arc in D[Fℓ2−1]. 
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The following lemma is an improvement of Lemma 2.3 for generalized p-cycles with p ≥ 3.
Lemma 2.6. Let D be a λ′-connected generalized p-cycle with p ≥ 3 and minimum degree δ ≥ 2 such that λ′(D) < ξ ′(D). Let
ω+(F) be a λ′-cut. Then µ(F), µ(F) ≥ ℓ.
Proof. Let ω+(F) = [F , F ] = [X, X]. From Lemma 2.3, it follows that µ = µ(F) ≥ max{1, ℓ − 1}. We reason by
contradiction assuming that µ = ℓ − 1 ≥ 1 so that ℓ ≥ 2. By Lemma 2.5, there exists an arc uv in D[Fℓ−1]. Define A1 =
N+ℓ−1({u, v})∩ X, A2 = N+ℓ−1(N+(u)− v)∩ X and A3 = N+ℓ−1(N+(v))∩ X . Since p ≥ 3 and by the definition of the semigirth
ℓ, A1, A2, A3 are pairwise vertex-disjoint. By the same reason, |A1| ≥ |(N+(u)∪N+(v))∩ Fℓ−2|, |A2| ≥ |(N+(u)−v)∩ Fℓ−1|,
and |A3| ≥ |N+(v) ∩ Fℓ−1|. Therefore,
|ω+(F)| ≥ |X | ≥ |A1| + |A2| + |A3|
≥ |(N+(u) ∪ N+(v)) ∩ Fℓ−2| + |(N+(u)− v) ∩ Fℓ−1| + |N+(v) ∩ Fℓ−1|
= ω+({u, v}) ≥ ξ ′(D),
a contradiction. Thus µ ≥ ℓ. By considering the converse digraph, µ(F) ≥ ℓ can be shown. 
Lemma 2.7. Let D be a λ′-connected generalized p-cycle with minimum degree δ ≥ 2 such that λ′(D) < ξ ′(D). Let ω+(F) =
[F , F ] be a λ′-cut. Then D[F≥ℓ2−1] and D[F
≥
ℓ2−1] contain a cycle.
Proof. Let ω+(F) = [F , F ] = [X, X]. From Lemma 2.3, it follows that µ = µ(F) ≥ max{1, ℓ2 − 1}. Two cases need to be
distinguished:
Case 1. Assume that µ = ℓ2 − 1.
Hence µ = ℓ2 − 1 ≥ 1. Then, from Lemma 2.5, it follows that D[Fℓ2−1] contains an arc uv. If N+(v) ∩ Fℓ2−1 = ∅, then
λ′(D) = |ω+(F)| ≥ |X | ≥ |(N+ℓ2−1({u, v}) ∪ N+ℓ2−1((N+(u)− v) ∩ Fℓ2−1)) ∩ X | ≥ |ω+({u, v})| ≥ ξ ′(D),
which is a contradiction. Thus N+(v) ∩ Fℓ2−1 ≠ ∅. Therefore, we have proved that from the head of each arc of D[Fℓ2−1]
follows another arc in D[Fℓ2−1], implying the existence of a cycle in D[Fℓ2−1]. Similarly, if µ = ℓ2 − 1, one can show that
there exists a cycle in D[F ℓ2−1].
Case 2. Assume that µ ≥ ℓ2.
If there is a cycle contained in D[F≥ℓ2 ], then we are done. Thus, we suppose to the contrary that there is no cycle contained
in D[F≥ℓ2 ]. Let u ∈ F≥ℓ2 . Then there has to be a path from u to a vertex u′ ∈ Fℓ2 such that N+(u′) ⊆ Fℓ2−1. By Lemma 2.4,
N+(v) ∩ F≥ℓ2 ≠ ∅ for every v ∈ N+(u′). Considering a vertex w ∈ N+(v) ∩ F≥ℓ2 and reasoning for w as above for u and so
successively, we can guarantee the existence of a cycle in D[F≥ℓ2−1]. Similarly, if µ ≥ ℓ2, one can show that there exists a
cycle in D[F ℓ2−1]. 
In the next lemma we give a condition to guarantee how large is the diameter in a generalized p-cycle in terms of the
deepness of the fragments of a given arc-cut.
Lemma 2.8. Let D be a strongly connected generalized p-cycle with vertex partition ∪a∈Zp Vα and let ω+(F) be an arc-cut. Let
m, t ≥ 0 be two integers and suppose that for every α ∈ Zp, F≥m ∩ Vα ≠ ∅ and F≥t ≠ ∅, or F≥t ∩ Vα ≠ ∅ and F≥m ≠ ∅. Then
diam(D) ≥ p+m+ t.
Proof. Let ω+(F) = [F , F ] = [X, X]. Assume that F≥m ∩ Vα ≠ ∅ for every α ∈ Zp and F≥t ≠ ∅; the proof for the
other case is analogue. Consider the integer r ∈ Zp, such that diam(D) ≡ r − 1 (mod p). As F≥t ≠ ∅, there is an
α ∈ Zp such that F≥t ∩ Vα ≠ ∅. Take any vertex v ∈ F≥t ∩ Vα . By hypothesis, F≥m ∩ Vα+r ≠ ∅, so take any vertex
u ∈ F≥m ∩ Vα+r . Then d(u, v) ≡ r (mod p) yielding d(u, v) < diam(D), which implies that there is an integer h ≥ 1 such
that d(u, v) ≤ diam(D)+ 1− hp ≤ diam(D)+ 1− p. Sincem+ 1+ t ≤ d(u, v), it follows that diam(D) ≥ p+m+ t . 
Now, we are able to prove the main result of this paper.
Theorem 2.1. Let D be a generalized p-cycle with minimum degree δ ≥ 2. Then D is λ′-optimal if
(a) diam(D) ≤ 2ℓ2 − 1 for p = 2;
(b) diam(D) ≤ 2ℓ+ p− 2 for p ≥ 3.
Proof. Note that the conditions δ ≥ 2 and p ≥ 2 imply that D has order at least 4. From Lemma 2.1 it follows that D is
λ′-connected and λ′(D) ≤ ξ ′(D). Suppose that D is not λ′-optimal and let ω+(F) = [F , F ] = [X, X] be a λ′-cut. (See
Lemma 2.2.)
(a) Let p = 2 and suppose that diam(D) ≤ 2ℓ2−1. By Lemma2.3,µ,µ ≥ max{1, ℓ2−1} so that F ℓ2−1 ≠ ∅. By Lemma2.7,
there exists a cycle in D[F≥ℓ2−1]which has to contain vertices from each part Vα, α ∈ Z2. Therefore, F≥ℓ2−1 ∩ Vα ≠ ∅ for every
α ∈ Z2. Hence Lemma 2.8 implies that diam(D) ≥ 2+ (ℓ2−1)+ (ℓ2−1) = 2ℓ2, which is a contradiction to the hypothesis.
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(b) Let p ≥ 3 and suppose that diam(D) ≤ 2ℓ + p − 2. By Lemma 2.6, µ,µ ≥ ℓ so that F ℓ ≠ ∅. By Lemma 2.7, there
exists a cycle in D[F≥ℓ−1] which has to contain vertices from each part Vα, α ∈ Zp, as D is a generalized p-cycle. Therefore,
F≥ℓ−1 ∩ Vα ≠ ∅ for every α ∈ Zp. Hence Lemma 2.8 implies that diam(D) ≥ p + (ℓ − 1) + ℓ = p + 2ℓ − 1, which is a
contradiction to the hypothesis. 
In the following lemma we show that the larger the quotient p|X | of a non λ
′-optimal generalized p-cycle D with λ′-cut
ω+(F) = [F , F ] = [X, X] is, the deeper the fragments of D have to be.
Lemma 2.9. Let D be a λ′-connected generalized p-cycle with minimum degree δ ≥ 2 such that λ′(D) < ξ ′(D) and p ≥ 3. Let
ω+(F) = [F , F ] = [X, X] be a λ′-cut. Then µ(F) ≥ ℓ− 2+ ⌈ p|X |⌉ and µ(F) ≥ ℓ− 2+ ⌈ p|X |⌉.
Proof. By Lemma 2.6,µ ≥ ℓ, and by Lemma 2.7, there exists a cycle in D[F≥ℓ−1]which has to contain vertices from each class
Vα, α ∈ Zp. Note that the set of vertices of D[F≥ℓ−1] is
µ
j=ℓ−1 Fj. Then there exists an index j ∈ {ℓ− 1, ℓ, . . . , µ} such that Fj
has vertices of at least p
µ−ℓ+2 different classes, because otherwise D[F≥ℓ−1] will not contain vertices of each class, which is a
contradiction. As D is a generalized p-cycle, X has to contain vertices from at least the same number of classes that appear
in Fj. Thus,
|X | ≥ p
µ− ℓ+ 2 ,
implying that µ ≥ ℓ− 2+ ⌈ p|X |⌉. The proof of µ(F) ≥ ℓ− 2+ ⌈ p|X |⌉ follows analogously. 
The following theorem gives an improvement of Theorem 2.1 for p-cycles with p > ξ ′ ≥ 3.
Theorem 2.2. Let D be a generalized p-cycle with minimum degree δ ≥ 2 and p ≥ 3. If diam(D) ≤ 2ℓ+ p− 4+ ⌈ p
ξ ′(D)⌉, then
D is λ′-optimal.
Proof. From Lemma 2.1 it follows that D is λ′-connected and λ′(D) ≤ ξ ′(D). Suppose that D is not λ′-optimal and let
ω+(F) = [F , F ] = [X, X] be a λ′-cut andm = ⌈ p
ξ ′(D)⌉−1. By Lemma 2.9,µ(F) ≥ ℓ−2+⌈ p|X |⌉ ≥ ℓ−2+⌈ pξ ′(D)⌉ = ℓ−1+m.
Moreover, by Lemma 2.7, there exists a cycle in D[F≥ℓ−1] and thus F≥ℓ−1 ∩ Vα ≠ ∅ for every α ∈ Zp. Since F ℓ−1+m ≠ ∅ as
µ(F) ≥ ℓ− 1+m, Lemma 2.8 implies that diam(D) ≥ p+ (ℓ− 1)+ (ℓ− 1+m) = p+ 2ℓ− 2+m = p+ 2ℓ− 3+⌈ p
ξ ′(D)⌉,
which is a contradiction to the hypothesis. 
Next, we give sufficient conditions for the k-iterated line digraph to be λ′-optimal.
Corollary 2.1. Let D be a generalized p-cycle with minimum degree δ ≥ 2. Then, Lk(D) is λ′-optimal if:
(a) diam(D) ≤ 2ℓ2 − 1+ k for p = 2,
(b) diam(D) ≤ 2ℓ+ p− 2+ k for p ≥ 3, or
(c) diam(D) ≤ 2ℓ+ p− 4+ ⌈ p
ξ ′(D)⌉ + k and p ≥ 3.
Proof. From Lemma 2.1 it follows that D is λ′-connected and λ′(D) ≤ ξ ′(D). By Remark 2.1, Lk(D) has parameter ℓ2 + k.
From (1) and the hypothesis diam(D) ≤ 2ℓ2 − 1+ k it follows that
diam(Lk(D)) = diam(D)+ k ≤ 2ℓ2 − 1+ 2k.
Hence (a) follows directly from Theorem 2.1(a). The proof of (b) follows analogously. Similarly, from (1) and Theorem 2.2,
(c) follows. 
Theorem 2.3. Let D be a generalized p-cycle with minimum degree δ ≥ 2 and p ≥ 3. If diam(D) ≤ 2ℓ+p−1, then D is super-λ
and λ′(D) > δ.
Proof. From Lemma 2.1 it follows that D is λ′-connected and λ′(D) ≤ ξ ′(D). Suppose that D is not super-λ, i.e., λ′(D) ≤ δ.
ThenD is not λ′-optimal and, by Lemma 2.2, there is a λ′-cutω+(F) = [F , F ] = [X, X]. By Lemma 2.6we haveµ = µ(F) ≥ ℓ
and µ = µ(F) ≥ ℓ. Suppose that there exists a cycle in D[F≥ℓ ]. Then F≥ℓ ∩ Vα ≠ ∅ for every α ∈ Zp. Hence, as F ℓ ≠ ∅,
Lemma 2.8 implies that diam(D) ≥ ℓ + ℓ + p = 2ℓ + p, which is a contradiction to the hypothesis. Therefore there is no
cycle in D[F≥ℓ ] and analogously there is no cycle in D[F≥ℓ ]. Thus we may assume that there exists a vertex u ∈ Fℓ such that
N+(u) ∩ F≥ℓ = ∅ and there exists a vertex u ∈ F ℓ such that N+(u) ∩ F≥ℓ = ∅.
Let v ∈ N+(u) and consider the sets A1 = (N+ℓ−1(N+(u)− v)) ∩ X and A2 = (N+ℓ−1(N+(v) ∩ Fℓ−1) ∪ N+ℓ (N+(v) ∩ Fℓ) ∪
Nℓ−1(v)) ∩ X . By the definition of ℓ and because p ≥ 3, |A1| ≥ |N+(u) − v| ≥ δ − 1 and A1 ∩ A2 = ∅. If |A2| ≥ 2 then
λ′(D) ≥ |X | ≥ |A1| + |A2| ≥ δ + 1, a contradiction. Thus |A2| = 1, that is, A2 = N+ℓ−1(v) ∩ X yielding N+(v) ∩ F≥ℓ+1 ≠ ∅,
because δ ≥ 2. This means that µ ≥ ℓ+ 1 and reasoning analogously µ ≥ ℓ+ 1.
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Let A3 = (N+j (N+(v) ∩ F≥ℓ+1)) ∩ X with ℓ + 1 ≤ j ≤ µ. Note that A3 cannot be disjoint with A1 ∪ A2 because |X | = δ.
Therefore there exists x ∈ X and two distinct paths from u to x, namely the shortest one of length ℓ and another through
vertex vwhose length is greater than ℓ and congruent with ℓmodulo p becauseD is a p-cycle. Thismeans thatµ ≥ ℓ+p−2.
Then taking a vertex z ∈ Fµ and another z ∈ F ℓ+1 it follows that diam(D) ≥ d(z, z) ≥ d(z, X)+1+d(X, z) ≥ µ+1+(ℓ+1) ≥
(ℓ+ p− 2)+ ℓ+ 2 = 2ℓ+ pwhich is a contradiction to the hypothesis.
Thus D is super-λ and λ′(D) > δ. 
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